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ON TORSION OF SUPERELLIPTIC JACOBIANS
WOJCIECH WAWRÓW
Abstract. We give a structure theorem for the m-torsion of the Jacobian of
a general superelliptic curve ym = F (x). We study existence of torsion on
curves of the form yq = xp − x + a over finite fields of characteristic p. We
apply those results to bound from below the Mordell-Weil ranks of Jacobians
of certain superelliptic curves over Q.
1. Introduction
Our objects of study are superelliptic curves, defined by equations of the form
C : ym = F (x)
for separable polynomials F and m ≥ 2 not divisible by the characteristic of the
base field. This family generalizes hyperelliptic curves, which are curves of the
above form for m = 2, degF > 4, as well as Picard curves, which are the case
m = 3, degF = 4.
We are specifically interested in the points of the form (α, 0), where α is a root
of F . The line x = α intersects C at this point with multiplicity m. This lets us
find certain divisor classes on the Jacobian J(C), formed by such points and the
points at infinity, which are m-torsion.
In particular, suppose that F factors as (x−α1) . . . (x−αr) in K. Consider the
group ∆ consisting of classes of divisors of the form
r∑
i=1
aiRi −
1
d
(
r∑
i=1
ai
)
∞,
where d = gcd(m, r), Ri is the point (αi, 0) and ∞ is the formal sum of points at
infinity of C. It is easy to see those classes are m-torsion in J(C).
It appears to be a folklore result that for m = 2, ∆ is the entire 2-torsion
subgroup of J(C). In particular, it has order 2r−1 = 22g, where g is the genus of
C.
For m > 2, those points cannot form all of m-torsion for cardinality reasons. For
instance, when gcd(m, r) = 1, ∆ has order at most mr−1, while theory of abelian
varieties tells us that over the algebraic closure the m-torsion consists ofm2g points,
and 2g > r − 1 as soon as m > 2.
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Describing the entire m-torsion of a superelliptic Jacobian is an interesting prob-
lem. We provide a result in this direction, showing that ∆ always has the maximal
possible size, subject to some obvious relations. Specifically, we have
Theorem 1. ∆ is a subgroup of J(C) isomorphic to (Z/mZ)r−2 ×
(
Z/md Z
)
.
This theorem can be applied to find families of curves whose Jacobians have
high Mordell-Weil ranks over number fields. As a sample application, we show the
following.
Theorem 2. Suppose p is an odd prime, q is a prime factor of p− 1 and k is an
integer divisible by some prime larger than p but not by p. Then the Jacobian of
the curve
yq = x(x− 1) . . . (x− (p− 1)) + kq
has the Mordell-Weil rank at least p− 1 over Q.
The first general result of this kind appears to be due to Coleman [1], where
the effective Chabauty method is applied to find families of hyperelliptic curves
with Jacobians of high ranks. In [7] Coleman’s examples are improved, and using
a different approach the Jacobians are shown to have even higher ranks under
additional assumptions. The present work further extends this approach to families
of superelliptic curves.
The results mentioned thus far require the genera of the curves, and hence the
dimensions of their Jacobians, to grow unboundedly for the ranks to get arbitrarily
large. It is a well-known open problem whether the ranks can be arbitrarily large for
abelian varieties of a fixed dimension over a fixed number field. For the specific case
of elliptic curves over Q, the example with the highest known rank was found by
Elkies [3] and has rank at least 28 (exactly 28 assuming some standard conjectures,
see [8]). For a recent heuristic argument for boundedness and a brief history of the
problem, see [9].
All this is in stark contrast to the situation over function fields, where curves of
arbitrarily high rank have been known for a long time, see [13] for the first construc-
tion and [14] for the first construction with nonisotrivial curves. Ulmer has further
treated related problems for Jacobians of hyperelliptic curves over function fields.
For instance in [15] he provides examples of families of hyperelliptic Jacobians with
arbitrarily high rank, and further verifies the Birch-Swinnerton-Dyer conjecture for
them. See [16] and [17] for general surveys on elliptic curves and general Jacobians
over function fields respectively, including constructions of families with high ranks.
1.1. Structure of the paper. Below we recall all the notation, definitions and
basic facts used in the following sections. Section 2 is devoted to the proof of
Theorem 1, first in the case d = 1, then in the general case. In Section 3 we look
at the curves of the form yq = xp − x+ a over a field of characteristic p. We show
under suitable conditions they have no q-torsion over Fp using methods similar to
ones used in [6], involving Gauss sums and Hasse-Weil zeta functions. Lastly, in
Section 4, we use those results and methods based on those in [7] to finish the proof
of Theorem 2.
1.2. Notation and preliminaries. Let K be an arbitrary perfect field. We define
a superelliptic curve overK to be a smooth projective model of an affine curve given
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by an equation of the form
C : ym = F (x),
where m ≥ 2 is an integer not divisible by the characteristic of K and F ∈ K[x] is
separable, i.e. with no repeated factors over K. We set r=degF and d=gcd(m, r).
We observe that the affine curve above is smooth, therefore it can be identified
with an open subset of its smooth projective model. We refer to the points not
included in this open subset as the points at infinity. Unless necessary, we shall not
distinguish between the projective and the affine model of the curve.
Considering the function field of C, from [12, Proposition 3.7.3] we can show its
genus is equal to
g =
1
2
(
(m− 1)(r − 1)− (d− 1)
)
and it has exactly d points at infinity over K. We denote their formal sum by ∞,
which is a divisor of degree d defined over K.
We refer to [4] for basic facts about Jacobians of curves. We shall identify degree
zero divisors with their classes in the Jacobian. We denote the Jacobian of a curve
C by J(C), and with J(C)(K) we denote the group of its K-rational points.
2. Proof of Theorem 1
We will first treat the case d = 1, which is technically slightly simpler, before
tackling the general case in the following subsection.
2.1. Case d = 1. The assumption d = 1 implies that ∞ is a single point. That
lets us consider a standard Albanese map C → J(C) given by P 7→ P −∞. We
observe that images Di of points Ri under this map generate ∆. It’s easy to see
div(x− αi) = mRi −m∞,
div(y) =
r∑
i=1
Ri − r∞,
which gives the following equalities in the Jacobian:
mDi = 0,(1)
r∑
i=1
Di = 0.(2)
Theorem 1 is then implied in this case by
Proposition 1. The points Di for i = 1, . . . , r generate a subgroup of the Jacobian
isomorphic to (Z/mZ)r−1.
Proof. We may assume K is algebraically closed. By equation (1) above, every
point Di ∈ J(C) is m-torsion, so there is a well-defined map from (Z/mZ)
r−1 to
J(C) given by
(a1, . . . , ar−1) 7→ −
r−1∑
i=1
aiDi.
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By (2), Dr is in the subgroup generated by the remaining points, so it’s enough for
us to show that this map has trivial kernel. To this end, take any divisor
D = −
r−1∑
i=1
aiDi = −
r−1∑
i=1
ai(Ri −∞)
with 0 ≤ ai < m not all zero. We wish to show it is not principal.
Consider the divisor
E = −∞+
r−1∑
i=1
(m− 1)Ri.
Observe that degE = (r−1)(m−1)−1 = 2g−1, therefore Riemann-Roch theorem
can be applied to deduce that ℓ(E) = deg(E) − g + 1 = g, where, as usual, ℓ(E)
is the dimension of the K-vector space L(E) of functions f ∈ K(C) satisfying
E + div(f) ≥ 0. With this in mind, we shall find an explicit basis of L(E).
For any 0 < i < r, 0 < j < m let fij ∈ K(C) be given by
fij =
yj∏
k≤i(x− αk)
.
We have
div(fij) =
i∑
k=1
(j −m)Rk +
r∑
k=i+1
jRk + (im− jr)∞.
It’s clear fij ∈ L(E) iff im− jr > 0. Let
A = {(i, j) : 0 < i < r, 0 < j < m, im− jr > 0},
B = {(i, j) : 0 < i < r, 0 < j < m, im− jr < 0}.
Since d = 1, m and r are relatively prime, so that for any 0 < i < r, 0 < j < m we
have im− jr 6= 0. It follows that A∪B has (m− 1)(r− 1) elements. Further, since
(r− i)m− (m− j)r = −(im− jr), the map (i, j) 7→ (r− i,m− j) gives a bijection
from A to B, showing A has exactly 12 (m− 1)(r − 1) = g elements.
It follows {fij : (i, j) ∈ A} is a set of g = ℓ(E) elements of L(E), so to show it is
a basis it’s enough to show their linear independence. Assume there exist bij ∈ K,
not all zero, such that ∑
(i,j)∈A
bijfij = 0.
Take the largest index k such that bkj 6= 0 for some j. Observe fij for i < k are all
regular at Rk, while fkj has a pole of order m− j at this point. Thus, letting l be
the least index such that bkl 6= 0, the left-hand side above has a pole of order m− l
at Rk, so clearly is not zero. This contradiction establishes linear independence,
and hence that the set above is a basis.
Let’s get back to our divisorD. Suppose it is principal, that is, there is a nonzero
f ∈ K(C) such that div(f) = D. We have
E + div(f) = E +D =
r−1∑
i=1
(m− 1− ai)Ri +
(
−1 +
r−1∑
i=1
ai
)
∞ ≥ 0
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since the ai are all at most m− 1 and their sum is positive. This means f ∈ L(E),
so that it can be written in terms of the basis we have found:
f =
∑
(i,j)∈A
cijfij
with cij ∈ K. But each fij has a zero at Rr, hence so does f , which is clearly not
the case since the coefficient of Rr in D = div(f) is zero. We conclude D is not a
principal divisor, as we wanted. 
2.2. General case.
Proof of Theorem 1. It’s not hard to see that∆ is generated by the following points:
Di = Ri −Rr−1 for i = 1, . . . , r − 2,
Dr−1 = dRr−1 −∞.
Each of the former points has order m and the last one has order md , so we get a
surjection from (Z/mZ)r−2 ×
(
Z/md Z
)
to ∆. We also see that if the kernel of this
map is nontrivial, then, by adding suitable multiples of divisors div(x− αi), there
is a principal divisor of the form
D = −
r−1∑
i=1
aiRi +
1
d
(
r−1∑
i=1
ai
)
∞
with 0 ≤ ai < m not all zero. We shall prove this is impossible.
The proof of this fact is similar to the corresponding part of the proof of Propo-
sition 1, so we will focus on where the argument differs. We again consider the
divisor
E = −∞+
r−1∑
i=1
(m− 1)Ri
which has degree (r−1)(m−1)−d = 2g−1, so by Riemann-Roch we have ℓ(E) = g.
Let
fij =
yj∏
k≤i(x− αk)
,
A = {(i, j) : 0 < i < r, 0 < j < m, im− jr > 0},
B = {(i, j) : 0 < i < r, 0 < j < m, im− jr < 0}.
As before, fij ∈ L(E) iff (i, j) ∈ A and (i, j) 7→ (r− i,m− j) is a bijection between
A and B. However, this time not every pair (i, j) with 0 < i < r, 0 < j < m lies in
one of those sets. Indeed, im− jr = 0 has precisely d − 1 solutions in this range,
so A has 12
(
(m− 1)(r − 1)− (d− 1)
)
= g elements.
The remainder of the proof can be repeated verbatim from before – we conclude
{fij : (i, j) ∈ A} is a basis of L(E) and so every element of L(E) has a zero at
Rr, so D cannot be principal as E + D ≥ 0 and D has coefficient of Rr equal to
zero. 
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3. Curves of the form yq = xp − x+ a
We move on to study superelliptic curves C with equations of the form
C : yq = xp − x+ a
over finite fields of characteristic p, where p, q are distinct primes and a ∈ F×p .
Observe that the polynomial on the right-hand side is always separable, since its
derivative −1 doesn’t vanish. We denote its Jacobian by J .
Assume first q | p − 1. We shall compute the zeta function of this curve using
Gauss sums of additive and multiplicative characters.
For any additive character ψ : Fp → C
× we define a character ψn : Fpn → C
×
by
ψn(α) = ψ(TrFpn/Fp(α)),
where TrFpn/Fp denotes the field-theoretic trace map from Fpn to Fp. Similarly, for
a multiplicative character χ : Fp → C, we define χn : Fpn → C by
χn(α) = χ(NFpn/Fp(α)),
where NFpn/Fp is the field-theoretic norm.
Remark 1. We adopt the convention for multiplicative characters that χ(0) = 0 for
nontrivial characters χ, but χ(0) = 1 for χ the trivial character.
Since gcd(p, q) = 1, C has exactly one point at infinity, so we just need to count
the points on its affine part.
Lemma 1. C has exactly ∑
w−z=a
∑
ψ
∑
χ
ψn(z)χn(w)
affine points over Fpn , where the first sum ranges over all pairs w, z ∈ Fpn satisfying
w − z = a, the second over all additive characters of Fp and the third one over
multiplicative characters of Fp of order dividing q.
Proof. For each z, w ∈ Fpn we count the number of points satisfying x
p−x = z and
yq = w. For such a solution to exist we need to have w − z = a, so we only need
to consider pairs z, w satisfying this. For each such pair it’s sufficient to count the
number of solutions x, y to xp − x = z, yq = w.
It is standard that for any z, w the number of solutions to yq = w in Fpn is equal
to ∑
χ
χn(w),
while the number of solutions to xp − x = z is equal to∑
ψ
ψn(z),
where the ranges of the sums are as in the statement of the lemma. Combining all
of those observations we get the formula for the number of points in C(Fpn). 
We consider modified Gauss sums defined by
Ga(ψn, χn) =
∑
w−z=a
ψn(z)χn(w)
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with the sum over z, w ∈ Fpn satisfying z − w = a. The previous lemma gives
|C(Fpn)| = 1 +
∑
ψ
∑
χ
Ga(ψn, χn).
The sums Ga have the following properties:
Lemma 2. Let ψ be an additive character of Fp and χ a multiplicative character
of Fp.
• If ψ, χ are both trivial, then Ga(ψn, χn) = p
n.
• If exactly one of ψ, χ is trivial, then Ga(ψn, χn) = 0.
• If both ψ, χ are nontrivial, then −Ga(ψn, χn) = (−Ga(ψ, χ))
n.
Proof. The first two claims are immediate. Observe
Ga(ψn, χn) =
∑
w−z=a
ψn(z)χn(w) =
∑
w
ψn(w − a)χn(w)
= ψn(−a)
∑
w
ψn(w)χn(w) = ψ(−a)
nG(ψn, χn),
where G(ψn, χn) is the usual Gauss sum. The last statement now follows from the
usual Hasse-Davenport relations for Gauss sums, see [5, §11.4]. 
We therefore have
|C(Fpn)| = 1 + p
n −
∑
ψ 6=1
∑
χ6=1
(−Ga(ψ, χ))
n,
where with 1 we denote the trivial character (both additive and multiplicative).
This gives us an explicit formula for the zeta function of C:
Z(C, T ) =
∏
ψ 6=1
∏
χ6=1(1 +Ga(ψ, χ)T )
(1− T )(1− pT )
.
By [10, Section 5.4], evaluating the numerator at T = 1 gives us the number of
points on the Jacobian over Fp, i.e.
|J(Fp)| =
∏
ψ 6=1
∏
χ6=1
(1 +Ga(ψ, χ)),
With this formula we can now establish
Theorem 3. If q | p− 1, the Jacobian of C has no q-torsion over Fp.
Proof. Let ζpq be a primitive pq-th root of unity. Note that Ga(ψ, χ) ∈ Z[ζpq ] for
all a, ψ, χ, and that Z[ζpq] is a Dedekind domain. Take any prime ideal factor q of
q in this ring.
We have a classical equality of ideals (q) = (1 − ζq)
q−1 in any ring containing
ζq, so that necessarily 1 − ζq ∈ q. It follows we have χn(w) ≡ 1 (mod q) for all
w ∈ F×pn , hence for ψ, χ 6= 1 we get
Ga(ψ, χ) ≡
∑
z 6=−a
ψ(z) = −ψ(−a) +
∑
z
ψ(z) = −ψ(−a) (mod q),
thus
|J(Fp)| ≡
∏
ψ 6=1
∏
χ6=1
(1− ψ(−a)) (mod q).
8 W. WAWRÓW
Observe that since −a ∈ F×p , ψ(−a) is a primitive p-th root of unity for every
ψ 6= 1, so 1 − ψ(−a) is a factor of p in Z[ζpq ]. It follows that 1 − ψ(−a) 6∈ q, as
that would imply p ∈ q, which cannot hold as p, q are distinct rational primes. It
follows 1− ψ(−a) is not in q, hence neither is |J(Fp)|. Consequently q ∤ |J(Fp)|, so
J(Fp) has no q-torsion. 
If q doesn’t divide p − 1 but is merely different from p, we can instead reason
using a field extension Fpk for k such that q | p
k−1. This way we can give an exact
condition for when q-torsion exists in Fp:
Theorem 4. If p, q are distinct primes and k = ordq p is the least k such that
q | pk − 1, then the Jacobian of C has no q-torsion over Fp iff p ∤ k.
Proof. We can repeat the reasoning preceding Theorem 3 and in the proof of the
theorem to find
|J(Fpk)| =
∏
ψ 6=1
∏
χ6=1
(1− (−Ga(ψk, χ))) ≡
∏
ψ 6=1
∏
χ6=1
(1− ψk(−a)) (mod q),
where this time ψ ranges over all additive characters of Fp, while χ ranges over all
multiplicative characters of Fpk of order dividing q. It’s clear that ψk(−a)=ψ(−a)
k,
so as long as p ∤ k it is again a primitive root of unity. Hence J(Fpk) has no q-torsion,
thus neither does its subgroup J(Fp).
When p | k we have ψk(−a) = ψ(−a)
k = 1, so that |J(Fpk)| ≡ 0 (mod q), hence
q | |J(Fpk)|. From the following lemma we also have q | |J(Fp)|, so J(Fp) contains
a q-torsion point. 
Lemma 3. Let p, q, k be as above. Then
|J(Fpk)| = |J(Fp)|
k.
Proof. From the Weil conjectures it follows there is a unique (up to ordering) col-
lection of 2g numbers α1, . . . , α2g such that, for all n,
pn + 1− C(Fpn) =
2g∑
i=1
αni .
But for k ∤ n we have q and pn − 1 relatively prime, so that y 7→ yq is a bijection
on Fpn . It follows that C(Fpn) = p
n + 1, hence
2g∑
i=1
αni = 0.(3)
Note that if we multiply each of α1, . . . , α2g by ζ
j
k, where ζk is a primitive k-th root
of unity and j is arbitrary, we get
2g∑
i=1
(ζjkαi)
n = ζnjk
2g∑
i=1
αni =
2g∑
i=1
αni
for all n – for k ∤ n this follows from (3), while for k | n it’s immediate. The unique-
ness statement above leads us to a conclusion that αi 7→ ζ
j
kαi is a permutation for
any j. Using again [10, Section 5.4],
|J(Fp)|
k =
(
2g∏
i=1
(1− αi)
)k
=
2g∏
i=1
k−1∏
j=0
(1− ζjkαi) =
2g∏
i=1
(1− αki ) = |J(Fpk)|. 
ON TORSION OF SUPERELLIPTIC JACOBIANS 9
Remark 2. The lemma holds more generally for any superelliptic curve yq = F (x)
with F ∈ Fp[x] of degree not divisible by q. Further, numerical evidence suggests
that the following holds:
Conjecture. Consider a superelliptic curve C given by yq = F (x) with q prime,
F ∈ Fp[x] of degree not divisible by q and set k = ordq p. There exists an isomor-
phism
J(Fpk) ∼= J(Fp)
k
of abstract groups.
Remark 3. The previous two theorems still hold when we take C to be defined by
an equation yq
l
= xp − x + a. The proofs are analogous using the fact 1 − ζql ∈ q
for any prime q of Z[ζpql ] containing q. We get that q | |J(Fp)| iff p | ordq p.
4. Applications to bounding ranks
We now apply the established theorems to reductions of certain curves over
the rationals to bound their Mordell-Weil ranks from below. Specifically, consider
curves defined by
C : ym = (x− a1) . . . (x− ar) + k
m,
where a1, . . . , ar and k are integers. We take the points Pi = (ai, k) ∈ C, their
images Di = Pi −∞ ∈ J(C) under the Albanese map and the subgroup Γ those
images generate. It is clearly a subgroup of J(C)(Q). The following result is implicit
in [7] for m = 2.
Proposition 2. Assume there is a prime p such that:
(1) m is not divisible by p,
(2) k is divisible by p,
(3) the ai are pairwise incongruent modulo p.
Suppose further Γ contains no nontrivial m-torsion. Then Γ is free of rank r − 1.
Proof. The sum of all Di is equal to div(y), so Γ is generated by D1, . . . , Dr−1. It’s
enough to show there is no relation between those points.
Since p | k, the reduction of the equation of C modulo p is
C˜ : ym = (x− a1) . . . (x− ar).
We have p ∤ m by the first assumption, and the right-hand side is separable by
the third, from which we deduce C has good reduction modulo p. It follows J(C)
also has good reduction (see [2, Corollary VII.12.3]), which induces a reduction
homomorphism J(C)(Q)→ J(C˜)(Fp).
Suppose there is a nontrivial relation between the points D1, . . . , Dr−1, say
r−1∑
i=1
aiDi = 0
with not all ai zero. Reordering the points and changing the sign if necessary, we
may assume a1 > 0 and a1 is the smallest possible among all such relations. The
relation is preserved by the reduction homomorphism, so
r−1∑
i=1
aiD˜i = 0,
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where D˜i is the image of Di under reduction. But the reduction of the point
Pi = (ai, k) is (a˜i, 0) (as we assumed p | k), so the points D˜i generate the subgroup
considered in Proposition 1. This proposition implies that any relation between
D˜i for i = 1, . . . , r − 1 must have all coefficients divisible by m. Writing ai = mbi
we have b1 < a1, so, by minimality of a1, the point D =
∑r−1
i=1 biDi ∈ J(C)(Q)
is nonzero. However, the original relation gives us mD = 0, which contradicts the
assumption that Γ has no m-torsion. 
Remark 4. Suitable versions of this proposition also hold for curves satisfying
gcd(m, r) > 1, as well as for curves over arbitrary number fields in place of Q.
Proof of Theorem 2. Let C be a curve as in the statement of the theorem. First
we show C has no q-torsion over Q. The reduction of the equation of this curve
modulo p is
C˜ : yq = xp − x+ kq
and, as we have noted before, the right-hand side is separable, so as before the
curve and its Jacobian have good reduction and we get a reduction homomorphism
J(C)(Qp)→ J(C˜)(Fp).
The kernel of this reduction homomorphism is isomorphic to a group associated
to a g-parameter formal group over Zp (see [4, §C.2]). By [11, Theorems II.9.3 and
II.9.4] this group has no torsion, so all torsion of J(C)(Qp) survives into J(C˜)(Fp).
But Theorem 3 tells us this last group has no q-torsion, therefore neither does
J(C)(Qp) nor J(C)(Q). We are now done by the previous proposition. 
Using Dirichlet’s theorem on primes in arithmetic progressions, this gives us,
for any fixed q, families of superelliptic curves whose Jacobians have Mordell-Weil
ranks that grow at least linearly with the genus of the curve.
Remark 5. The methods described above can be applied to curves which have the
form yq = xp + a after reduction modulo some prime ℓ ≡ 1 (mod pq). Torsion on
Jacobians of such curves is studied at length in [6], see for instance lemma 4 of that
paper, where one can find a different proof of the analogue of Theorem 3 for the
case q = 3.
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